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DIMENSION BOUND IN INHOMOGENEOUS
DIOPHANTINE APPROXIMATION
WOOYEON KIM AND SEONHEE LIM
Abstract. We prove that for all b, the Hausdorff dimension of the set
of mˆn matrices ǫ-badly approximable for the target b is not full. The
doubly metric case follows.
It was known that for almost every matrix A, the Hausdorff dimension
of the set BadApǫq of ǫ-badly approximable target b is not full, and that
for dimension 1, i.e. for real numbers α, dimH Badαpǫq “ 1 if and only
if α is singular on average. We show that if dimH BadApǫq “ m, then A
is singular on average.
1. Introduction
In Diophantine approximation, one wants to approximate an irrational
number α by rationals p{q for p, q P Z. By pigeonhole principle or Dirichlet
theorem, for every N P N, there exists p, q P Z with 0 ă q ă N , such that
|qα´ p| ă 1{N ă 1{q.
As above, one can see classical (homogeneous) Diophantine approximation
as studying distribution of qα module Z near zero. Diophantine approxima-
tion for irrational numbers has been generalized to studying vectors, linear
forms, and more generally matrices, and are classical subjects in metric
number theory.
In this article, we consider the inhomogenous Diophantine approximation:
we still study the distribution of qα modulo Z but now near a “target” b P R.
Again, for every N P N, there exists p, q P Z with 0 ă q ă N , such that
|qα´ b´ p| ă 1{q.
LetMm,npRq be the set ofmˆn real matrices, and let ĂMm,npRq :“Mm,npRqˆ
R
m. Similarly to numbers, for A P Mm,npRq, we study Aq P R
m modulo
Z
m near the target b P Rm for vectors q P Zn. For v P Rm, denote by
xvy :“ inf
pPZm
||v ´ p|| the distance from v to the nearest integral vector. In
this general situation as well, not only Dirichlet theorem holds but we also
have
lim inf
qPZn,||q||Ñ8
||q||n{mxAq ´ by “ 0,
for almost every pA, bq PMm,npRq ˆ R
m.
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The exceptional set of the above equality is our object of interest. We
call A ǫ-bad for b P Rm if
(1.1) lim inf
qPZn,||q||Ñ8
||q||n{mxAq ´ by ě ǫ.
Denote
Badpǫq
def
“
!
pA, bq P ĂMm,npRq : A is ǫ-bad for b) ,
BadApǫq
def
“ tb P Rm : A is ǫ-bad for bu , BadA
def
“
ď
ǫą0
BadApǫq,
Badbpǫq
def
“ tA PMm,npRq : A is ǫ-bad for bu , Bad
b def“
ď
ǫą0
Badbpǫq,
Bad
1
pǫq
def
“
ď
bPRm
Badbpǫq.
The set Bad0 can be seen as the set of badly approximable systems of m
linear forms in n variables. This set is of Lebesgue measure zero [Gro38],
but has full Hausdorff dimension mn [Sch69].
For any b, Badb also has zero Lebesgue measure [Sch66] and full Hausdorff
dimension for every b [ET11]. Indeed, it is shown that Badb is a winning set
[ET11] and even a hyperplane winning set [HKS], a property which implies
full Hausdorff dimension. On the other hand, the set BadA also has full
Hausdorff dimension for every A [BHKV10], but can have positive Lebesgue
measure.
The set Badb and BadA are unions of subsets Bad
bpǫq and BadApǫq
over ǫ ą 0, respectively, thus a more refined question is about the Hausdorff
dimension of Badbpǫq, BadApǫq. For the homogeneous case b “ 0, the
Hausdorff dimension Bad0pǫq is less than the full dimension mn [BK13]
(see also [Sim18] for more precise estimation).
Thus, a natural question is whether Badbpǫq can have full Hausdorff di-
mension for general b. Our main result answers the above question.
Theorem 1.1. For any ǫ ą 0, dimH Bad
1
pǫq ă mn.
This result directly implies an upper bound for each Badbpǫq’s.
Corollary 1.2. For any ǫ ą 0, there exists δ ą 0 such that for all b P Rm,
dimH Bad
bpǫq ă mn´ δ.
Theorem 1.1 also directly implies a similar result for doubly metric case.
Corollary 1.3. For any ǫ ą 0, there exists δ ą 0 such that
dimH Badpǫq ă mn`m´ δ.
It was known that the set BadApǫq has Hausdorff dimension less than the
full dimension m for almost every A [LSS]. The argument for Corollary 1.2
can be applied similarly to improve the result for BadApǫq in [LSS] in terms
of the exceptional set.
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Theorem 1.4. For any ǫ ą 0, there exists δ ą 0 such that the Hausdorff
dimension of the set of A satisfying dimH BadApǫq ě m ´ δ is strictly less
than mn.
To state our last result, let us introduce more notations. For d “ m` n,
let GpRq “ ASLdpRq be the set of area-preserving affine transformations.
Let GpZq “ ASLdpZq “ SLdpZq ˙ Z
d “ StabGpRqpZ
dq be the stabilizer of
Z
d. For the 1-parameter diagonal subgroup
 
at “ ∆pe
nt1m, e
´mt1nq
(
tPR
in SLdpRq, we take a lift of this group to GpRq Ă SLd`1pRq given by
at ÞÝÑ
ˆ
at 0
0 1
˙
and we denote it again by at by abuse of notation. Let
a
def
“ a1 be the time-one map of the diagonal flow at. We denote by
U the subgroup
$&%upAq :“
¨˝
Im A 0
0 In 0
0 0 1
‚˛: A PMm,npRq
,.- and W the sub-
group
$&%wpbq :“
¨˝
Im 0 b
0 In 0
0 0 1
‚˛: b P Rm
,.- of GpRq, both of which are unsta-
ble horospherical subgroups for a.
Let Y
def
“ GpRq{GpZq, which can be seen as the space of unimodular
grids, i.e. unimodular lattices translated by a vector in Rd. Let dp¨, ¨q be
a right invariant metric on Y . We may assume that the locally defined
maps (on balls of radius, say r0,) log and exponential maps between U and
its Lie algebra u are Lipschitz. For the norm of Lie algebra u, we take the
Euclidean norm || ¨ ||Rmn . Similarly, we may assume that log and exponential
maps between balls of W and its Lie algebra w are bi-Lipshitz if we take
the Euclidean norm || ¨ ||Rm for the norm of Lie algebra w. Observe that
Adatu “ e
pm`nqtu holds for any u P u and Adatw “ e
ntw for any w P w.
Let X “ SLpd,Rq{SLpd,Zq be the space of unimodular lattices. There is
a natural projection π : Y Ñ X sending a translated lattice x ` b to the
corresponding lattice x. It is defined by πp
ˆ
B v
0 1
˙
GpZqq “ B ¨SLpd,Zq for
B P SLpd,Rq and v P Rd.
For A P Mm,n, we associate a point xA “
ˆ
Im A
0 In
˙
SLpd,Zq in X. For
pA, bq P ĂMm,npRq, we associate a point xA,b “
¨˝
Im A ´b
0 In 0
0 0 1
‚˛y0 in Y , where
y0 is the identity coset SLdpZq ˙ Z
d.
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We say that a point x P X has δ-escape of mass on average (with respect
to the diagonal flow at) if for any compact set Q in X,
lim inf
NÑ8
1
N
| tl P t1, . . . , Nu : alx R Qu | ě δ.
In [LSS], it was shown that dimH BadApǫq ă m for all ǫ ą 0 if xA is heavy
which is a condition equivalent to no escape of mass on average. Note that
xA is heavy for almost every A P Mm,npRq. A m ˆ n matrix A is called
singular on average if for any ǫ ą 0
lim
NÑ8
1
N
|
!
l P t1, ¨ ¨ ¨ , Nu : Dq P Zn s.t. xAqy ă ǫ2´
nl
m and 0 ă ||q|| ă 2l
)
| “ 1.
This property is equivalent to the fact that the corresponding point xA has
1-escape of mass on average (with respect to the diagonal flow at) by Dani’s
correspondence.
For m “ n “ 1, A is singular on average if and only BadApǫq has full
Hausdorff dimension for some ǫ ą 0 [BKLR]. For pm,nq ‰ p1, 1q, nothing
was known about dimH BadApǫq for A which has η-escape of mass on average
for some 0 ă η ă 1. The next theorem deals with this case.
Theorem 1.5. Let A P Mm,npRq. If A has δ-espape of mass on average
for some δ ă 0 (but not divergent on average), then dimH BadApǫq ă m for
any ǫ ą 0.
We remark that the set of matrices which are singular on average has
Hausdorff dimension at most mn´ m`n
mn
[KKLM]. We also remark that the
case where the best approximation vectors Qk of A satisfies limkÑ8 |Qk|
1{k “
8, then dimH BadApǫq “ m for some ǫ ą 0 [BKLR]. Thus the only remain-
ing case where we do not know whether dimH BadApǫq can be full is the
case where A is singular on average but |Qk|
1{k is bounded.
2. Preliminaries
2.1. Correspondence with dynamics. For y P Y , Λy denotes the corre-
sponding unimodular grid in Rd. Let
Lǫ
def
“
!
y : Λy XB
Rd
ǫ
m
m`n
p0q “ φ
)
,
which is a (non-compact) closed subset of Y.
Proposition 2.1. For any pA, bq P Badpǫq, one of the following statements
holds:
(1) there exists some q P Zn such that
(2.1) xAq ´ by “ 0.
(2) the at-orbit of the point xA,b is eventually in Lǫ, i.e., there exists T ě 0
such that atxA,b P Lǫ for all t ě T .
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Proof. Assume that both of the statements do not hold. Then there exist
arbitrarily large t’s satisfying atxA,b R Lǫ. As
atxA,b “
¨˝
entIm 0 0
0 e´mtIn 0
0 0 1
‚˛xA,b “
¨˝
entIm e
ntA ´entb
0 e´mtIn 0
0 0 1
‚˛x0,
the vectors in the grid ΛatxA,b can be represented as
ˆ
entpAq ` p´ bq
e´mtq
˙
for
integer vectors pp, qq P ZmˆZn. Therefore atxA,b R Lǫ implies that for some
q, xAq ´ byent ă ǫ
m
m`n and e´mt||q|| ă ǫ
m
m`n , thus ||q||
n
m xAq ´ by ă ǫ. Since
xAq ´ by ‰ 0,@q, we use the condition xAq ´ byent ă ǫ
m
m`n for arbitrarily
large t to conclude that ||q||
n
m xAq´by ă ǫ holds for infinitely many q’s. This
is a contradiction to the assumption that pA, bq P Badpǫq. 
We claim that for a fixed b P Rm, the subset Badbp1qpǫq of Bad
bpǫq satisfy-
ing (2.1) is a subset of Bad0pǫq. Indeed, if A P Badbpǫq for some b and satis-
fies (2.1), xAq0´by “ 0 for some q0 P Z
m and lim inf
||q||Ñ8
||q||n{mxAq´by ě ǫ, thus
lim inf
||q||Ñ8
||q||n{mxApq ´ q0qy ě ǫ. Therefore, for Bad
1
p1qpǫq
def
“
ď
bPRm
Badbp1qpǫq,
we have
dimH Bad
1
p1qpǫq ď dimH Bad
0pǫq “ mn´ cm,nǫ
m ` opǫmq ă mn
for some constant cm,n ą 0 [Sim18].
For a fixed A PMm,npRq, the subset of BadApǫq satisfying (2.1) is of the
form Aq ` p for some q, p P Zm thus has Hausdorff dimension zero.
In the rest of the article, we will focus on xA,b that are eventually in Lǫ.
2.2. Entropy and relative entropy. In this subsection, we recall the def-
inition and basic properties of the entropy and the relative entropy for σ-
algebras we used in the later sections. We refer the reader to [ELW] for
details.
Definition 2.2. Let pX,B, µq be a probability space and P be a finite or
countable partition of pX,B, µq.
(1) The (static) entropy of the partition P “ tA1, A2, . . . u is
HµpPq “ HpµpA1q, . . . q “ ´
ÿ
iě1
µpAiq log µpAiq P r0,8s
where 0 log 0 “ 0.
(2) Let T be a measuere-preserving transformation of pX,B, µq and as-
sume P is a partition of X with finite entropy. Then the (dynamical)
entropy of T with respect to P is
hµpT,Pq “ lim
nÑ8
1
n
Hµ
´n´1ł
i“0
T´iP
¯
“ inf
ně1
1
n
Hµ
´n´1ł
i“0
T´iP
¯
.
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The (dynamical) entropy of T is
hµpT q “ sup
P:HµpPqă8
hµpT,Pq.
Basic and important properties of the entropy include subadditivity, con-
cavity and linearity. Let P and P 1 be countable partitions of a measure-
preserving system pX,B, µ, T q. Then,
HµpP _ P
1q ď HµpPq `HµpP
1q,
and
hµpT,P _ P
1q ď hµpT,Pq ` hµpT,P
1q.
Let P be a partition of pX,B, µi, T q which are measure-preserving systems
for 1 ď i ď k. Let µ “
ř
i aiµi be a convex combination of tµiu with
0 ď ai ď 1 and
ř
i ai “ 1. Then,
(1) (concavity for static entropy) HµpPq ď
kÿ
i“1
aiHµipPq,
(2) (linearity for dynamical entropy) hµpT q “
kÿ
i“1
aihµipT q.
In section 3, we also need a relative (conditional) entropy with respect to
a subalgebra to obtain subgroup invariance.
Definition 2.3. Let pX,B, µ, T q be a measure-preserving system and let
A Ď B be a countably-generated sub-σ-algebra. Note that there exists an
A-measurable conull set X 1 Ă X and a system
 
µAx |x P X
1
(
of measures
on X, referred to as conditional measures. The information function of a
countable partition P given A with respect to µ is defined by
IµpP|Aqpxq “ ´ log µ
A
x prxsAq,
where rxsA is the smallest element of A containing x. Moreover, the relative
(static) entropy of P given A is defined by
HµpP|Aq “
ż
IµpP|Aqpxqdµpxq,
which is the average of the information. If A is a strictly invariant sub-σ-
algebra, i.e. T´1pAq “ A, then the relative (dynamical) entropy of T given
A is
hµpT |Aq “
ÿ
P:HµpPqă8
hµpT,P|Aq
where
hµpT,P|Aq “ lim
nÑ8
1
n
Hµp
n´1ł
i“0
T´iP|Aq “ inf
ně1
1
n
Hµp
n´1ł
i“0
T´iP|Aq
for any countable partiton P.
Subadditivity, concavity and linearity of relative entropy also hold.
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Proposition 2.4. (Subadditivity) Let P and P 1 be countable partitions of
a measure-preserving system pX,B, µ, T q and let A Ď B be a countably-
generated sub-σ-algebra. Then,
(1) HµpP _ P
1|Aq ď HµpP|Aq `HµpP
1|Aq,
(2) hµpT,P _ P
1|Aq ď hµpT,P|Aq ` hµpT,P
1|Aq.
Proof. We refer the reader to [ELW], Proposition 2.13 for the proof. 
Proposition 2.5. Let P be a partition of pX,B, µi, T q which are measure-
preserving systems for 1 ď i ď k, µ “
kÿ
i“1
aiµi be a convex combination of
tµiu with 0 ď ai ď 1,
kÿ
i“1
ai “ 1, and A be a strictly invariant sub-σ-algebra.
Then,
(1) (concavity for static entropy) HµpP|Aq ď
kÿ
i“1
aiHµipP|Aq,
(2) (linearity for dynamical entropy) hµpT |Aq “
kÿ
i“1
aihµipT |Aq.
Proof. The concavity of the function fpxq “ ´x log x on r0, 1s directly im-
plies (1). See Theorem 2.33 [ELW] for the proof of (2). 
3. Constructing measure with entropy lower bound
In this subsection, we construct an at-invariant measure on Y with a lower
bound on the relative entropy.
We will use entropy contribution for the subgroup U , with respect to the
Borel σ-algebra BUY generated by the collection of U -invariant Borel sets in
Y . Before constructing the desired measure, we recall the following theorem
about escape of mass.
Theorem 3.1 (KKLM, Remark 2.1). For any x P X, the set
tu P U |ux has δ-escape of mass on averageu
has Hausdorff dimension at most mn´ δpm`nq
mn
.
Remark 3.2. For the definition of escape of mass, we follow the definition of
singularity on average in [DFSU18], Section 1.4. [KKLM] uses lim instead
of lim inf for the definition of escape of mass.
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For any compact set Q Ă X and positive integer k ą 0, and any 0 ă η ă 1,
let
Eη
def
“ tA PMm,npRq : xA has η-escape of mass on averageu
Fη,Q
def
“
#
A PMm,npRq :
1
k
k´1ÿ
i“0
δaixApXzQq ă η for infinitely many k
+
F kη,Q
def
“
#
A PMm,npRq :
1
k
k´1ÿ
i“0
δaixApXzQq ă η
+
.
Take a sequence of increasing compact sets tQju exhausting X. Observe
that Mm,npRqzEη “
8ď
j“1
Fη,Qj .
We denote by Y¯ the one-point compactification of Y with σ-algebra BY¯
generated by BY and t8u. The diagonal action at is extended to the action
on Y¯ by atp8q “ 8 for t P R. For a finite partition P “ tP1, ¨ ¨ ¨ , PN , P8u
of Y which has only one non-compact element P8, denote by P the finite
partition
!
P1, ¨ ¨ ¨ , PN , P8
def
“ P8 Y t8u
)
of Y¯ . For any countable partition
ξ, we denote by ξpqq “
q´1ł
i“0
a´iξ the join of the preimages a´iξ. Note that
Ppqq “ P
pqq
for q P N.
For any countable partition P of Y , HµpP|B
U
Y q will denote the relative
entropy of P with respect to the σ-algebra BUY . Also denote by hµpa|B
U
Y q the
relative entropy of the transformation a for µ. Note also that HµpP
pqq|BUY q “
HµpP
pqq
|BU
Y¯
q for µ P PpY q. Here, BU
Y¯
is the Borel σ-algebra generated by
the collection of U -invariant Borel sets in Y¯ . For the rest of the section, we
construct the desired measure on Y¯ in Proposition 3.3. The construction
will basically follow the construction in the [LSS], Section 2. However, the
additional step using Theorem 3.1 is necessary to control the escape of mass
since we will allow a small amount of escape of mass.
Proposition 3.3. Assume that dimH Bad
1
pǫq ą dimH Bad
0pǫq. For γ ą 0,
let η “ mn
m`npmn´ dimH Bad
1
pǫq ` γq ą 0. Then there exist an a-invariant
probability measure µ P PpY¯ q satisfying:
(1) Suppµ Ď Lǫ “ Lǫ Y t8u,
(2) µpY¯ zY q ď η,
(3) Let K Ă Y be a compact set. If P is any finite partition of Y
satisfying:
‚ P contains an atom P8 where K Ď Y r P8,
‚ @P P P r tP8u, diamP ă r0 for some 0 ă r0 ă
1
2
,
‚ @P P P, µpBP q “ 0,
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then, for all q ě 1,
1
q
HµpP
pqq
|BU
Y¯
q ě p1´µpY zKq
1
2 qpm`nqpdimH Bad
1
pǫq´ γ´mnµpY zKq
1
2 q.
In particular, by taking a sequence of compact sets Ki exhausting X and
a sequence of positive numbers γi which converges to 0,
hµpa|B
U
Y¯
q ě pm` nqdimH Bad
1
pǫq.
Note that the right handside is the maximal entropy if dimH Bad
1
pǫq “ mn.
Proof. Denote by R the set Bad
1
pǫqzBad
1
p1qpǫq, and let R
T be the increas-
ing set tA P R ĂMm,npRq|@t ě T, atxA,b P Lǫu. By Proposition 2.1, R “
8ď
T“1
RT . Since dimH Bad
1
pǫq ą dimH Bad
0pǫq ě dimH Bad
1
p1qpǫq, dimH R “
dimH Bad
1
pǫq. Thus for any γ ą 0, there exists Tγ ą 0 satisfying
dimH R
Tγ ą dimH Bad
1
pǫq ´ γ.
By Theorem 3.1, we obtain dimH Eη ď mn ´
ηpm`nq
mn
“ dimH Bad
1
pǫq ´ γ
by definition of η. From the fact that Mm,npRqzEη “
8ď
j“1
Fη,Qj , we obtain
dimHp
8ď
j“1
pRTγ X Fη,Qj qq “ dimHpR
TγzEηq ą dimH Bad
1
pǫq ´ γ,
thus we can take a compact set Q Ă X from the above sequence of increasing
compact sets tQju Ñ X which satisfies
dimHpR
Tγ X Fη,Qq ą dimH Bad
1
pǫq ´ γ.
Since Fη,Q “
8č
N“1
8ď
k“N
F kη,Q “ lim sup
kÑ8
F kη,Q,
dimHpR
Tγ X F kiη,Qq ą dimH Bad
1
pǫq ´ γ
for an increasing sequence of positive integers tkiu Ñ 8 [Fal03].
For a bounded subset S Ď Y , let NdpS, δq be the maximal cardinality of
a δ-separated subset of S for the metric d. Then
dimH S ď lim inf
δÑ0
logNdpS, δq
log 1
δ
(see section 2.2 of [LSS]). Let φ : Mm,n Ñ X be the function defined by
φpAq “ xA. For each A P R
Tγ , there exists bA such that atxA,bA P Lǫ for all
t ě Tγ . For each ki ě Tγ let Si be a maximal e
´kipm`nq-separated subset of
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S˝i with respect to the metric d, where S
˝
i
def
“
!
xA,bA : A P R
Tγ X F kiη,Q
)
Ă Y .
Note that πpS˝i q “ φpR
Tγ X F kiη,Qq and π is Lipschitz. Then
(3.1)
lim inf
iÑ8
log |Si|
ki
ě pm` nq lim inf
δÑ0
logNdpS
˝
i , δq
log 1
δ
ě pm` nqdimH φpR
Tγ X F kiη,Qq
“ pm` nqdimHpR
Tγ X F kiη,Qq
ą pm` nqpdimH Bad
1
pǫq ´ γq.
In (3.1), the first line is by definition, the second line is using the Lipschitz
property of π, and the third line holds since φ is locally bi-Lipschitz from
the local bi-Lipschitz property between d and || ¨ ||Rmn .
Let νi
def
“ 1|Si|
ÿ
yPSi
δy be the normalized counting measure on Si and let
µi
def
“
1
ki
ki´1ÿ
k“0
ak˚νi
w˚
ÝÑ µ P PpY¯ q
By extracting a subsequence if necessary, there exists a probability measure
µ which is a weak*-accumulation point of tµiu. Now we prove that the
measure µ is the desired measure. The measure µ is clearly an a-invariant
measure.
(1) For any y P Si Ď π
´1 ˝ φpRTγ q, aT y P Lǫ holds for T ą Tγ . Thus
µipY zLǫq “
1
ki
ki´1ÿ
k“0
ak˚νipY zLǫq “
1
ki
Tγÿ
k“0
ak˚νipY zLǫq ď
Tγ
ki
.
We obtain item (1) by taking limit for ki Ñ8.
(2) Let K Ă Y be the compact set which is defined as K “ π´1pQq. If
y P Si Ă π
´1 ˝ φpF kiη,Qq, for all i P N,
1
ki
ki´1ÿ
k“0
δakypY zKq ă η. Therefore for
all i,
µipY zKq “
1
|Si|
ÿ
yPSi
1
ki
ki´1ÿ
k“0
δakypY zKq ă η,
thus
µpY¯ zY q ď µpY¯ zKq “ lim
iÑ8
µipY zKq ď η.
For the rest of the proof, let us check the condition (3). Let K be a
compact set such that µpY zKq ă 1 (otherwise the condition (3) is trivial).
(3) Let ρ ą 0 be small enough so that β :“ µpY zKq ` ρ ă 1. Then
β “ µpY zKq ` ρ ą µipY zKq “
1
ki|Si|
ÿ
yPSi,0ďkăki
δakypY zKq
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holds for large enough i. In other words, there exist at most βki|Si| number
of aky’s in Y zK.
Let S1i Ă Si be the set of y’s satisfying a
ky P K for some k P rp1´β
1
2 qki, kiq.
Then we have |S1i| ě p1´ β
1
2 q|Si| since
p1´ βqki|Si| ď |ta
ky : 0 ă k ă ki, y P Siu| ď
a
βki|S
1
i|.
Let ν 1i
def
“ 1|S1i|
ÿ
yPS1i
δy be the normalized counting measure on S
1
i, then
νipAq ě
|S1i|
|Si|
ν 1ipAq
for all measurable set A Ď Y . Thus, for any arbitrary countable partition
P,
(3.2)
HνipPq “ ´
ÿ
νipAqď
1
e
logpνipAqqνipAq ´
ÿ
νipAqą
1
e
logpνipAqqνipAq
ě ´
ÿ
νipAqď
1
e
logp
|S1i|
|Si|
ν 1ipAqq
|S1i|
|Si|
ν 1ipAq
“ ´
|S1i|
|Si|
ÿ
νipAqď
1
e
logpν 1ipAqqν
1
ipAq ´
|S1i|
|Si|
log
|S1i|
|Si|
ÿ
νipAqď
1
e
ν 1ipAq
ě
|S1i|
|Si|
!
Hν1ipPq `
ÿ
νipAqą
1
e
logpν 1ipAqqν
1
ipAq
)
ě p1´ β
1
2 qpHν1ipPq ´
3
e
q.
In the last inequality, we use the fact that ν 1i is a probability measure, thus
there can be at most three elements A of the partition for which ν 1ipAq ą
1
e
.
If P is any non-empty atom of Ppkiq, fixing any y0 P P , any y P S
1
i X P “
S1i X ry0sPki satisfies
r0 ą dpa
ky0, a
kyq ě C 1epm`nqkdpy0, yq ě C
1epm`nqp1´β
1
2 qkidpy0, yq
for some constant C 1 ą 0. Here, we used the right invariant property of
d and bi-Lipshitz property between d and || ¨ ||. Thus S1i X P can be cov-
ered by one ball of C 1´1r0e
´pm`nqp1´β
1
2 qki-radius for metric d as well as
by C1e
´pm`nqmnβ
1
2 ki many balls of r0e
´pm`nqki -radius for the metric d and
some constant C1 ą 0. Since S
1
i is e
pm`nqki -separated with respect to d, we
get
CardpS1i X ry0sPpkiqq ď C1e
pm`nqmnβ
1
2 ki ,
and therefore
Hν1ipP
pkiqq ě log |S1i| ´ pm` nqmnβ
1
2ki ´ logC1.
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Now we can estimate the lower bound of the entropy. For q ě 1, write the
Euclidean division of large enough ki ´ 1 by q as
ki ´ 1 “ qk
1 ` s with s P t0, ¨ ¨ ¨ , q ´ 1u .
By subadditivity of the entropy with respect to the partition, for each p P
t0, ¨ ¨ ¨ , q ´ 1u,
HνipP
pkiq|BUY q ď HapνipP
pqq|BUY q ` ¨ ¨ ¨ `Hap`qk1νipP
pqq|BUY q ` 2q log |P|.
Summing those inequalities for p “ 0, ¨ ¨ ¨ , q ´ 1, and using the concave
property of entropy with respect to the measure, we obtain
qHνipP
pkiq|BUY q ď
ki´1ÿ
k“0
HakνipP
pqq|BUY q ` 2q
2 log |P|
ď kiHµipP
pqq|BUY q ` 2q
2 log |P|
and therefore
1
q
HµipP
pqq|BUY q ě
1
ki
HνipP
pkiq|BUY q ´
2q log |P|
ki
ě
1
ki
!
p1´ β
1
2 qpHν1ipP
pkiqq ´
3
e
q ´ 2q log |P|
)
ě
1
ki
!
p1´ β
1
2 qplog |S1i| ´mnpm` nqβ
1
2 ki ´ logC1 ´
3
e
q ´ 2q log |P|
)
Here, for the second inequality, we used inequality (3.2) and the fact that
HνipP
pqq|BUY q “ HνipP
pqqq
which holds as νi is supported on an atom of B
U
Y . Now we can take iÑ 8
because the atoms P of P and hence of Ppqq, satisfy µpBP q “ 0. Thus we
obtain the inequality
1
q
HµpP
pqq
|BU
Y¯
q ě p1´ β
1
2 qpm` nqtpdimH Bad
1
pǫq ´ γq ´mnβ
1
2 u,
from the inequality (3.1) and finally get the inequality
1
q
HµpP
pqq
|BU
Y¯
q ě p1´µpY zKq
1
2 qpm`nqtpdimH Bad
1
pǫq´γq´mnµpY zKq
1
2 u
we desired by taking ρÑ 0. 
4. Proof of main results
4.1. Maximal entropy implies invariance. To deduce the invariance
property of the measure we constructed in Section 2, we need the following
proposition about maximal entropy.
Proposition 4.1 (Maximal entropy implies U -invariance). Let µ be an at-
invariant probability measure on Y . Then
hµpa|B
U
Y q ď log |detpAda|uq|
with equality if and only if µ is U -invariant.
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Note that for our situation at “ ∆pe
nt1m, e
´mt1nq in SLdpRq, the restric-
tion of the adjoint map Ada|u can be considered as the map AÑ e
´pm`nqA
for A P Mm,npRq by identifying u » Mm,npRq, so the maximal entropy is
log |detpAda|uq| “ pm` nqmn.
Definition 4.2 (7.25. of [EL10]). Let G´
def
“
 
g P G|atga
´1
t Ñ e as tÑ8
(
be the stable horospherical subgroup associated to a. Let µ be an a-invariant
measure on Y and U ă G´ be a closed a-normalized subgroup.
(1) We say that a countably generated σ-algebra A is subordinate to U`
(mod µ) if for µ-a.e. y, there exists δ ą 0 such that
BU
`
δ ¨ y Ă rysA Ă B
U`
δ´1 ¨ y.
(2) We say that A is a-descending if a´1A Ă A.
The proof of Proposition 4.1 is based on the following theorem applied
to a´1 so that U ă G´. To obtain following theorem, it is enough to con-
sider the case that µ is ergodic by using ergodic decomposition. Combining
Proposition 7.34 and Theorem 7.9 of [EL10], we obtain the following state-
ment under the ergodicity assumption.
Theorem 4.3 (Einsiedler-Lindenstrauss). Let µ be an at-invariant ergodic
probability measure on Y . If A is a countably generated sub-σ-algebra of the
Borel σ-algebra which is a-descending and U -subordinate, then
HµpA|a
´1
Aq ď ´ log |detpAda|uq|.
For detailed proof of Proposition 4.1 using Theorem 4.3, we refer the
reader to [LSS], Chapter 3. The only difference here is that we calculate
relative entropy with respect to the σ-algebra BUY instead of the σ-algebra
π´1pBXq in [LSS].
4.2. Proof of Theorem 1.1. In this subsection, to prove Theorem 1.1, we
investigate the closed set Lǫ. Measures supported on the set Lǫ only admit
few invariance properties, as stated in the following proposition.
Proposition 4.4. Let µ P PpY q be a measure which is at-invariant and
U(or W )-invariant. Then µ cannot be supported on Lǫ for any ǫ ą 0.
Proof. Assume that Suppµ Ď Lǫ for some ǫ ą 0, then µpY zLǫq “ 0 holds.
First we claim that for any y P Y , ther exist t P R and u P U satisfying
atuy P Y zLǫ. Let y “
¨˝
X1 X2 b1
X3 X4 b2
0 0 1
‚˛GpZq, then for u “ upAq and at, we
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have
atuy “
¨˝
entIm 0 0
0 e´mtIn 0
0 0 1
‚˛¨˝Im A 00 In 0
0 0 1
‚˛¨˝X1 X2 b1X3 X4 b2
0 0 1
‚˛GpZq
“
¨˝
entX1 e
ntpX2 `AX4q e
ntpb1 `Ab2q
e´mtX3 e
´mtX4 e
´mtb2
0 0 1
‚˛GpZq.
We consider two cases to prove the claim:
Case 1q b2 ‰ 0.
In this case, we can find a matrix A PMm,npRq satisfying b1`Ab2 “ 0. Then
the translation vector of the grid from the origin, which is the first m ` n
entries of the last column, is p0m, e
´mtb2q. Thus the vector p0m, e
´mtb2q is
contained in the grid Γatuy: By taking t Ñ 8, we can choose t ąą 0 with
||e´mtb2|| ă ǫ
m
m`n , which gives Γatuy XB
Rd
ǫ
m
m`n
p0q ‰ φ.
Case 2q b2 “ 0.
In this case, the last column is pentb1,0nq. We can make this translation
vector small enough by taking tÑ ´8. Thus we get Γatuy XB
R
d
ǫ
m
m`n
p0q ‰ φ
as in the Case 1.
Combining these two cases, we arrived at the claim.
Similarly, for any y P Y , there exist t P R and w P W satisfying atwy P Y zLǫ.
Indeed, for w PW , let w “
¨˝
Im 0 c
0 In 0
0 0 1
‚˛, then
atwy “
¨˝
entX1 e
ntX2 e
ntpb1 ` cq
e´mtX3 e
´mtX4 e
´mtb2
0 0 1
‚˛GpZq
holds and we can apply previous argument by taking c “ ´b1 and tÑ8.
Since Lǫ is closed, for every y P R, there exist ry ą 0, t P R, and u P U
such that the d-ball Brypatuyq Ď Y zLǫ. Choose r
1
y ą 0 such that Br1ypyq Ď
patuq
´1Brypatuyq. Then for at-invariant and U -invariant measure µ,
µpBr1ypyqq ď µppatuq
´1Brypatuyqq “ µpBrypatuyqq ď µpY zLǫq “ 0.
Covering Y by balls Br1ypyq, we obtain
µpY q “ µp
ď
yPY
Br1ypyqq ď 0,
which gives a contradiction. We also prove theW -invariant case by replacing
u P U with w PW .

Proof of Theorem 1.1. Suppose that for some fixed ǫ ą 0, dimH Bad
bj pǫq “
mn. Take a sequence of real numbers tγju which converge to zero. Now ap-
ply Proposition 3.3 for γj ą 0. Note that the corresponding ηj “
mn
m`npmn´
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dimH Bad
bj pǫq ` γjq “
mnγj
m`n goes to zero as j Ñ 8. Then we have a se-
quence of probability measures tµju in PpY¯ q satisfying the four conditions
in Proposition 3.3. Now, there exists a probability measure µ P PpY¯ q which
is a weak*-accumulation point of tµju. Let
µj
w˚
ÝÑ µ P PpY¯ q
by extracting a subsequence if necessary. Clearly µ is a-invariant and
Suppµ Ď Lǫ. Since µpY¯ zY q “ lim
jÑ8
µjpY¯ zY q “ lim
jÑ8
ηj “ 0, we may consider
µ as a probability measure on Y .
Let us show that µ has maximal entropy. For any compact set K Ă Y ,
we can build a finite partition P satisfying:
(1) P contains an atom P8 where K Ď Y r P8,
(2) @P P P r tP8u, diamP ă r0 for some 0 ă r0 ă
1
2
,
(3) @P P P and j P N, µjpBP q “ 0.
It is possible to build this partition to satisfy the part (3) because the col-
lection of measure tµju is countable. Thus we have
1
q
Hµj pP¯
pqq|BU
Y¯
q ě p1´µjpY zKq
1
2 qpm`nqpdimH Bad
1
pǫq´γj´mnµjpY zKq
1
2 q
for all q, j P N. Since Ppqq is finite, we can take j Ñ8 to obtain
1
q
HµpP
pqq|BUY q ě p1´ µpY zKq
1
2 q2pm` nqmn
for all q P N. Thus hµpa|B
U
Y q ě p1 ´ µpY zKq
1
2 q2pm ` nqmn holds for any
compact set K Ă Y , and eventually we have hµpa|B
U
Y q “ pm` nqmn which
is the maximal entropy with respect to BUY . It follows that µ is U -invariant
by Proposition 4.1. We arrived at the desired contradiction by using propo-
sition 4.4 since we showed that µ is a probability measure on Y which is
at-invariant, U -invariant, and supported on Lǫ. 
4.3. Proof of Theorem 1.4 and 1.5. Before we start the proof of Theorem
1.4 and 1.5, we construct a measure on Y with large relative entropy as we
did in Proposition 3.3. However, in this case, we will calculate entropy
relative to the factor X, instead of the σ-algebra BUY we used in previous
chapters. For any coutable partition P of Y , HµpP|Xq will denote the
relative entropy of P with respect to the σ-algebra π´1pBXq where BX is
the Borel σ-algebra on X. Similarly, for µ P PpY¯ q, HµpP|X¯q will denote
the relative entropy with respect to the π´1pBX¯q where BX¯ is the Borel
σ-algebra on X¯ . Note that HµpP
pqq|Xq “ HµpP
pqq
|X¯q for q P N and µ P
PpY q. Also denote by hµpa|Xq and hµpa|X¯q the relative entropy of the
transformation a with respect to X and X¯, respectively. The following
proposition is analogous to Proposition 3.3 as well as its proof except a
slight difference on the construction of measure.
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Proposition 4.5. For A PMm,npRq fixed, let
η0 “ sup tη : xA has η-escape of mass on averageu .
Then for any ǫ ą 0 and γ ą 0, there exist an at-invariant probability measure
µγ P PpY¯ q satisfying:
(1) Suppµγ Ď Lǫ,
(2) µγpY¯ zY q “ η0,
(3) If P is any finite partition of Y satisfying:
‚ P contains an atom P8 of the form π
´1pP 08q, where X r P
0
8
has compact closure,
‚ @P P P r tP8u, diamP ă r0 for some 0 ă r0 ă
1
2
,
‚ @P P P, µγpBP q “ 0,
then, for all q ě 1,
1
q
Hµγ pP
pqq
|X¯q ě npdimH BadApǫq ´ γq ´mnµ
γpP8q.
Proof. RA,T :“ tb P Rm|@t ě T, atxA,b P Lǫu X BadApǫq. By Proposition
2.1,
8ď
T“1
RA,T has Hausdorff dimension equal to dimH BadApǫq, thus for any
γ ą 0, there exists Tγ ą 0 satisfying dimH R
A,Tγ ě dimH BadApǫq ´ γ.
Since A has η-escape of mass on average for η ă η0, we may fix an increasing
sequence of integers tkiu such that
1
ki
ki´1ÿ
k“0
δakxA
w˚
ÝÑ µA P PpX¯q
with µApXq “ 1 ´ η0. Let φA : R
m Ñ Y be the (bi-Lipshitz) function
defined by φApbq “ xA,b. For each ki ě Tγ , let Si be a maximal e
´kin-
separated subset of φApR
A,Tγ q with respect to the metric d. Then
lim inf
iÑ8
log |Si|
ki
ě n dimHpR
A,Tγ q ě npdimH BadApǫq ´ γq
holds from the bi-Lipschitz property between d and || ¨ ||Rm .
Let νi
def
“ 1|Si|
ÿ
yPSi
δy be the normalized counting measure on Si and let
µi
def
“
1
ki
ki´1ÿ
k“0
ak˚νi
w˚
ÝÑ µγ P PpY¯ q.
we prove that µγ is the desired measure.
(1) For any y P Si Ď φApR
A,Tγq, aT y P Lǫ holds for T ą Tγ . Thus
µipY zLǫq “
1
ki
ki´1ÿ
k“0
ak˚νipY zLǫq “
1
ki
Tγÿ
k“0
ak˚νipY zLǫq ď
Tγ
ki
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and we obtain item (1) by taking limit for ki Ñ8.
(2) Since π˚νi “ δxA for all i ě 1, π˚µ
γ “ µA holds. Thus
µγpY¯ zY q “ µApX¯zXq “ η0.
(3) By part 1, µγP8q ă 1 for small enough P8. Let ρ ą 0 be small enough
so that β
def
“ µγpP8q ` ρ ă 1. Then for large enough i,
β “ µγpP8q ` ρ ą µipP8q “
1
ki|Si|
ÿ
yPSi,0ďkăki
δakypP8q
“
1
ki
ÿ
0ďkăki
δakxApP
0
8q
In other words, there exist at most βki number of a
kxA’s in P
0
8, thus there
exists some k P rp1 ´ βqki, kiq such that a
ky P Y zP8 for all y P Si. If P is
any non-empty atom of Ppkiq, fixing any y0 P P , any
y P Si X P “ Si X ry0sPki satisfies
r0 ą dpa
ky0, a
kyq ě C2enkdpy0, yq ě C
2enp1´βqkidpy0, yq
for some constant C2 ą 0. Here, we used the right invariant property of d
and bi-Lipshitz property between d and || ¨ ||. Thus Si X P can be covered
by one ball of C2´1r0e
´np1´βqki-radius for metric d as well as by C1e
mnβki
many balls of r0e
´kin-radius for the metric d and some constant C1 ą 0.
Since Si is e
´kin-separated with respect to d, we get
CardpSi X ry0sPpkiqq ď C1e
mnβki ,
and therefore
HνipP
pkiqq ě log |Si| ´mnβki ´ logC1.
Now we can estimate the lower bound of the entropy. For q ě 1, write the
Euclidean division of large enough ki ´ 1 by q as
ki ´ 1 “ qk
1 ` s with s P t0, ¨ ¨ ¨ , q ´ 1u .
By subadditivity of the entropy with respect to the partition, for each p P
t0, ¨ ¨ ¨ , q ´ 1u,
HνipP
pkiq|Xq ď HapνipP
pqq|Xq ` ¨ ¨ ¨ `Hap`qk1νipP
pqq|Xq ` 2q log |P|.
Summing those inequalities for p “ 0, ¨ ¨ ¨ , q ´ 1, and using the concave
property of entropy with respect to the measure, we obtain
qHνipP
pkiq|Xq ď
ki´1ÿ
k“0
HakνipP
pqq|Xq ` 2q2 log |P|
ď kiHµipP
pqq|Xq ` 2q2 log |P|
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and therefore
1
q
HµipP
pqq|Xq ě
1
ki
HνipP
pkiq|Xq ´
2q log |P|
ki
ě
1
ki
!
plog |Si| ´mnβki ´ logC1q ´ 2q log |P|
)
Here, for the second inequality, we used HνipP
pqq|Xq “ HνipP
pqqq from the
fact that νi is supported on an atom of π
´1pBXq. Now we can take i Ñ 8
because the atoms P of P and hence of P
pqq
, satisfy µγpBP q “ 0. Thus we
obtain the inequality
1
q
Hµγ pP
pqq
|X¯q ě npdimH BadApǫq ´ γq ´mnβ,
and finally get the inequality
1
q
Hµγ pP
pqq
|X¯q ě npdimH BadApǫq ´ γq ´mnµ
γpP8q
we desired by taking ρÑ 0. 
Now we prove Theorem 1.4 and Theorem 1.5.
Proof of Theorem 1.4. We use proof by contradiction again. Suppose that
for any δ ą 0, the set of A satisfying dimH BadApǫq ě m ´ δ has full
Hausdorff dimension. The set of A satisfying dimH BadApǫq ě m ´ δ has
full Hausdorff dimension and for any η ą 0, the Hausdorff dimension of the
set of A with η-escape of mass on average is strictly less than full dimension
by Theorem 3.1. Thus there exists A P Mm,npRq which does not have η-
escape of mass on average and satisfies dimH BadApǫq ě m ´ δ for any
η ą 0.
For k P N, fix δ “ η “ 1
k
and take a sequence of real numbers tγju which
converges to zero. Then there exists a sequence of at-invariant probability
measures
 
µγj P PpY¯ q
(
described in Proposition 4.5. By taking weak*-
limit of this sequence, we can construct the measure µk P PpY¯ q such that
Suppµk Ă Lǫ, µkpY¯ zY q “ η0 ď η,
1
q
HµkpP
pqq
|X¯q ě mn´
n
k
´mnµγpP8q
for all q ě 1, and P satisfying the condition (3) in Proposition 4.5. By taking
weak*-limit of sequence tµku again, eventually we obtain the measure µ P
PpY q supported on Lǫ such that
1
q
HµpP
pqq|Xq ě p1´µpP8qqmn. By taking
an appropriate partition P to make µpP8q arbitrarily small, hµpa|Xq “ mn,
which is the maximal relative entropy, thus µ is a W -invariant measure by
Proposition 3.1 of [LSS]. We obtain the desired contradiction by Proposition
4.4 since µ is a probability measure on Y which is at-invariant, W -invariant,
and supported on Lǫ. This proves Theorem 1.4. 
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Proof of Theorem 1.5. Suppose that A PMm,npRq is not singular on average
and satisfies dimH BadApǫq “ m. Let
η0 “ sup tη : xA has η-escape of massu ă 1.
Take a sequence of real numbers tγju which converges to zero. Then there ex-
ists a sequence of at-invariant probability measures
 
µγj P PpY¯ q
(
described
in Proposition 4.5. By taking weak*-limit of this sequence, we can construct
the measure µ P PpY¯ q such that Suppµ Ă Lǫ Y pY¯ zY q,
1
q
HµpP
pqq
|X¯q ě mnp1´ µpP8qq
for all q ě 1, and P satisfying the condition (3) in Proposition 4.5. By taking
the set P 08 Ă X smaller and smaller, we obtain hµpa|X¯q ě mnp1´ η0q. On
the other hand, the measure µ P PpY¯ q can be represented by the linear
combination µ “ p1 ´ η0qµ0 ` η0δ8, where δ8 is the dirac delta measure
on Y¯ zY and µ0 P PpY q. Since s “ µpY¯ zY q ď η0 and the entropy is a
linear function with respect to the measure, hµ0pa|Xq “
1
1´η0
hµpa|Xq “ mn,
which is the maximal relative entropy, thus µ0 is a W -invariant measure by
Proposition 3.1 of [LSS]. Proposition 4.4 implies that µ0 is a probability
measure on Y which is at-invariant, W -invariant, thus containing full fibers,
and supported on Lǫ. However a translation of a lattice by small w cannot
avoid an ǫ-ball, thus we obtain the desired contradiction. 
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